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Optimal Thrust for Maximal Rocket Turn

R. Hermesh,* S. Katzir,t and E. Kreindler}
Technion — Israel Institute of Technology, Haifa, Israel

The problem of determining the optimal trust for maximizing a rocket’s angle of turn is completely solved for
the case of constant angle of attack. In the case of specified final time, there is, in general, a singular arc; the
optimal combination of coast (zero thrust), boost (maximal thrust), and singular (intermediate thrust) arcs for
given end conditions is determined. In the case of free final time, the optimal trajectory is a coasting arc followed

by a boosting arc.

I. Introduction and Summary
ONSIDER the rocket shown in Fig. 1. The angle of
attack o may be large and is assumed to be fixed. The
problem is to maximize the turning angle + at the final time ¢,
by optimal programming of the thrust magnitude 7 which is
bounded by

0=T()=<T, 4))
The equations of motions, neglecting gravitation (which may

not be permissible in some cases, but is entirely practical for
our purposes), are as follows:

mv=(T—D)cosa—F sinx v(0) =v, vitp)=v, (2)
mvy=F cosa+ (T—-D)sinae  y(0)=0 ¥ (¢;) —max.(3)
m=~-T/c mQy=m, mit;)=m, (4)

where m is the mass, v-is the velocity, the constant ¢ is the
specific impulse, and, assuming height changes are in-
significant, the aerodynamic forces F and D are proportional
tov?,

F=K,v? D=K,v? %)
where K, and K, depend on the constant nonzero angle of
attack.

The above problem is one of a class of flight path op-
timization problems, the closest being the series of papers on
minimum fuel lateral turns.!-3 This class is characterized by
the fact that the control variables, typically the thrust
magnitude, appear linearly in the system equations that are
nonlinear in the state variables. Consequently, the maximum
principle indicates that for constraints of the type in Eq. (1),
the optimal thrust either switches between T=0 (coast) and
T=T, (boost), or it may take an intermediate value, the
optimality of which cannot be answered by the maximum
principle. Such an intermediate control is termed singular,*
and its presence complicates these problems. References 1-3
are concerned with a constant altitude coordinated turn, with
colinear thrust and velocity vectors; the equations of motion
are therefore different from ours.
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For the problem at hand it is shown in Sec. II that when the
final time t, is free, there can be no singular arc and the
optimal thrust sequence is coast followed by boost (coast or
boost alone are possible for special end conditions). It is
shown in Sec. I1I that the coast-boost sequence (CB) provides
also the maximal time, fcgp=t¢,,, while a boost-coast
sequence (BC) provides the minimal time, fgc =¢,,;,. If the
optimal free time 7f=¢,,, is too large, one may want to
specify

tmin. Stf<tmax. (6)

For a ¢, specified by Eq. (6), and a final state (v,,m,) in the
interior of the area shown in Fig. 2, it is shown in Sec. Il that a
singular arc must be present. In Sec. IV the generalized
Legendre-Clebsch condition is shown to be satisfied along the
singular arc, and the singular thrust is computed. The possible
sequences of coast (C), boost (B), and singular (S) arcs are
determined in Sec. V to be ‘

CSC CSB BSC BSB @)

The dependence of the particular sequence on the end con-
ditions (v,, my) (vs,my), and , is investigated in Sec. VL
The result is summarized in Fig. 5 and in proposition no. 7,
which may be regarded as the main result of this paper. The
existence of optimal control, proved in Sec. II1, together with
the uniqueness proved in Sec. VI, shows that the sequences of
coast, boost, and singular arcs in Fig. 5 are indeed optimal.

Given the end conditions (vy,m,), (vy, m;), and {; one can
determine the optimal sequence and compute the optimal
solution by the formulas in the Appendix. We have, therefore,
a complete analytical solution of a nonlinear singular optimal
control problem.

II. Application of the Maximum Principle
The system’s Eqgs. (2-5) can be written in the form

v=(1/m)(T cosa —K,v?) v(0)=v, v(t)=v, (8)

m=—(1/¢)T m(0)=m, m(t;)=m; (9)
1 Tsi
"y=7n—(K2v+ sma) v(0)=0 v(¢;) —~max.
(10
where
K, =K, sina+K, cosx ‘ (11)

K, =K, cose— K sina ‘ (12)
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Fig. 1 Rocket problem formulation.
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Fig. 2 Area of permissible end points (vf, mf).

The Hamiltonian is§

1 T si
=L (sz + sino )
m

1 5 1
+pv;(Tcosa—K,v )+pm<— - T)
(13)

where the costate variables p, and p,,
H, =0H/dv, etc.)

satisfy (here

T sinx 2K, v K,

5, = —H, = + B 14
p vI 5 PP p” (14)
. 1 [T sin »

Dp=- ,,,=W[ O£+K2v+p,J(Tcosoz K,vz)} (15)

Since H is linear in T, the maximization of H with respectto T
depends on the coefficient which multiplies 7, given by
H,=08H/3T,

sina +pucosa Pm

H;=
muv m c

(16)

Thus, T* maximizing H is given by

0 (coast) when Hy(t) <0
™ ()= T, (boost) when H ()>0 (17)
0=<T(t)<T, when Hy(t)=0

If H;(t) just crosses zero, then T* () switches according to
Eq. (17); hence, H is called the “‘switching function.” (For

§The costate P, is p, =const. For a maximum problem Py =0.
Assuming a normal probTem Py #0, we may takepy =1.
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simplicity of notation, H(¢) denotes H[uv(¢), m(1), p,(¢),
P (1) 1; likewise for H,(¢).) If, however, on some interval

H,(t)=0 (18)
then the optimal 7(¢) might assume intermediate values. This
is the singular case.

Since H does not depend explicitly on ¢, an additional
necessary condition of the maximum principle requires

H*(t) =N=const (19)

where the star denotes that H(¢) is evaluated along the op-
timal solution. For the case where ¢, is free N=0, i.e.,

H*(1)=0 20)

To study the behavior of the switching function H, we
compute H; and obtain

. 1 v v
Hy= Py [KISinot—Kz (cosa+ E) +pUK111<; +2 cosa)]

n
We write Eqgs. (13), (16), and (19) as
H*=N=H; T+ (v/m)(K,-p,K,v) 22)
whence
_(H;T-N)ym+vK, 23)

Po= v2K,

which upon substitution into Eq. (21) yields

. 1 2 cosa 1
HT=W[K(1+( " +7)m(HTT—N)] 24)

For the case of free {;, N=0, and we can conclude at once
from Eq. (24), by use of Eq. (17) and by assuming a physxcal
problem with positive m and v, that

H.>0 25
Hence:

For the case of free ¢, there can be no singular
arc. Except for special end conditions (m,=m,
which results in coast only, and conditions such
that H,=0, which results in boost only), the
optimal trajectory consists of a coast arc
followed by a boost arc.

When ¢, is specified, the optimal trajectory must in general
consist of all three arcs —coast, boost, and singular. While
two given points (v,, m,) and (v, m,) in the (v, m) plane
can be joined by a trajectory consisting of two types of arcs
only, the prescribed terminal time ¢, will not be met unless the
end conditions are specially chosen.

III. Existence of Optimal Control

For a solution to the control problem, the final specified
time 7, must satisfy

mm —tf— max. (26)

assuming ;. and 7, exist.
For a time-optimal problem, the Hamiltonian is

1 1
H=Po+( —D, COsa—E—>T——p,,K,v2 @27
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Using the condition H* =0 along a possible coast or singular
arc, where H;T=0, to obtain p,, we arrive at

. 2 cosa 1
Hr=py(T2 4 2 ) 28)

Since the coefficient multiplying p, is positive, we conclude
(assuming a normal problem p, #0) that:

1) There is no singular arc in a time-optimal trajectory.

2) For minimum time, p,<0, H;<0, hence the optimal
sequence is BC. )

3) For maximum time, p,>0, H;>0, and the optimal
sequence is CB, as in maximum turn with free L.
Explicit expressions for fgc =¢,;, and tcp =t are in the
Appendix.

For given (v,, m,) one can delineate an area on the (v, m)
plane bordered by coast and boost arcs, as shown in Fig. 2,
and given by [see Eq. (A7) in the Appendix]

O0<m=m, 29)
Lt (Me)e_ ¥l (M)
v,—€ \m v~y \m
v, N =v=<vy, ; 30)
v,+e [my\a v,+v my\a
__2__._(_0) +7 —2 0 (——O) +1
v,—€ \m v, — U, m

where v, is given by Eq. (39) and a by Eq. (A9). Every point
(v,,m,) in the indicated area can be attained from (vgy, m,)
by at least a CB or BC sequence on a finite time interval.
Furthermore, the responses of v(¢), m(¢), and y(¢) for any
thrust 0<T(¢) <T,, on a finite interval [0, #,] are uniformly
bounded. It then follows from a basic existence theorem?3 that
a time-optimal and a v-optimal thrust exists for all t; and (v,
my) that satisfy Egs. (26), (29), and (30), respectively.

Remark: v,=¢>0 is needed because v,=0 can be attained
only by coasting with ¢,—o0. Of course, low velocity makes
no physical sense. For points (v, m,) in the corner of Fig. 2,
namely those satisfying Eq. (29) and

e (me)e

v,—€ \m
€esv sv, P / 31
v, te <m0>a+1
v,—€ \m,

there is no time-maximal or y-maximal thrust when ¢, is free.
However, these points can be attained by a thrust
0=<T7(¢)=<T,, and they can be included in the existence result
if needed by constraining 7, with a sufficiently large upper
bound.

IV. The Singular Stage
The singular case is characterized by H,=0. Using this in
Eq. (24) we have

Hr=—> [K,, -= (% +2 cosoz)] (32

H,=0implies H,=0so that Eq. (32) gives

_ a
" m(l/c+2 cosa/v) G3)

For a physical problem, v and m are positive and thus

N>0 (34
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Differentiating Eq. (32) and using H, =0 yields

.. N 1 2cosa 2cos’a
Hr= s | 1(G+ e+ 25 ) ~2Kieosa] a9
whence
.. 1 2cosa 2cos’a\ N
(HT)T__'(EZ—-I— ve +—v_2——)_"7;>0 ¢

In view of Eq. (36), it is evident that the generalized Legendre-
Clebsch condition

(—DNIHPD) =0 37
is satisfied here in strong form with q=1.
In the singular case H,=0, and thus Eq. (35) gives the
thrust

_ 2K, cosa
T (I/c+cosa/v) 2 +cos?a/v?

(3%

as a function of v. For v>0, we have T>0. We now show that
T given by Eq. (38) satisfies also 7<T,,. Denote by v, the
cruise velocity under boost, obtained by setting the left side of
Eq. (8) to zero )

v,=vT,cosa/K, 39

We assume that the missile always accelerates under boost.
For T=T,,, and using Eq. (39), Eq. (8) can be written as

mo=K, (vl -v?) ‘ (40)

Clearly, v<v, with v=v, only when m=0 [see also Eq.
(A7)]. Then Eq. (38) gives

. T 2
— = <1 41
T, (v,/ccosa+v,/v)?+(v,/v)? S

The relation (33) defines a one-parameter family of curves,
the singular curves, given by

m= K, (42)
- N(1/c+2 cosa/v)

m
KeeNF———r —— —————— —— — — o= —

singular curve

(vo, mg)
c
S
B
(vg, mg )
a) v
Tin

b)

Fig. 3 a) The singular curve and a CSB trajectory. b) Profile of the
optimal thrust.
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along which all singular arcs must lie.
Differentiating Eq. (42) with respect to time, we obtain

m m 2 cosa/v

= - " 43
b v (2 cosa/v+1/c) @3
Since the right side of Eq. (43) is positive and # <0, we have
that ¥ <0, and then Eq. (38) shows that T'is decreasing. Thus

The singular thrust, given by Eq. (38), is mono-
tonically decreasmg, satisfies 0< T'(f) <T,,, and
is discontinuous at junctions with coast or boost
stages.

This is illustrated in Fig. 3 for a CSB trajectory.

The discontinuity of the singular thrust at the junctions is
consistent with the necessary conditions in Ref. 6.

As pointed out, the singular curve depends on the constant
N, which depends on the end conditions. Thus, one does not
know in advance the location of the singular curve relative to
the end conditions. This complicates matters. The possible
sequences of C, S, and B stages are sorted out in the next
section.

V. Optimal Switching
Many of the conceivable sequences of C, B, and S arcs are
eliminated by the propositions below.
1) There cannot be an intermediate coast arc. To show this,
we set T=0 in Eq. (24) and substitute for v its solution (A3)
from the Appendix. This gives

2 i
( 0% 4 —C—) —2NK,cosa(t—tc)]

44

. 1
HT([)=;'£_[ a—mCN

Ve

which shows that H is linear in ¢ with a negative coefficient.
Now, for a switch to C from B or S at time 7., we must have
H(t) <0 on some interval (¢, f,+9), 6>0. In view of the
linearity of H;(¢), H; remains negative and H; cannot be
zero again for a switchto Band S.

We next show that once H;(¢) becomes positive in a switch
to boost, it cannot become zero again; thus

2) There cannot be an intermediate boost arc. At the switch
time £, to a boost arc we have H(t,) =0 and H,(t,) =0,
(HT(t,,) >0 for CB and HT(tb) =0 for SB), thus from Eq.
24

= (cosa/v(ty) +1/cym(t,)N é5)
For H; to become zero again, it is necessary, since Hy and

H are continuous during boost, that HT(t ) =0 at some
mtermedlate time ¢;, There Eq. (24) gives

=[2 cosa/v(t;) +1/clm(t)) IN=-H(t)T,]  (46)

From Eqs. (45) and (46)

N7, 00 [ (L L2

m(t;) v(ty) v(t;) c

én

Since during boost ¥ >0 and 72 <0, the coefficient multiplying
N on the right side of Eq. (47) is larger than 1. Thus Eq. (47)
gives

N—H(t)T, >N 8)

or Hr(t;) T, <0. But both H,(¢;) and T,, are positive, so we
havea contradlctlon which proves proposition 2.

N,=
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It is evident from Eq. (33) that Nincreases along a boost arc
and decreases along a coast arc. Therefore, upon switching
from a singular arc the trajectory cannot return to the same
singular curve except by intermediate coast and boost arcs
which are by propositions 1 and 2 not optimal. Thus,

3) There can be at most one singular arc. It follows now
from points 1-3 that the optimal trajectory cannot have more
than three arcs of type C, B, and S. If there are three, then the
singular arc must be in the middle. We also have that

4) Except for specially selected end conditions, the optimal
trajectory cannot have less than three arcs of type C, B, and S.
This was pointed out already at the end of Sec. II. The given
end points (vy, m,) and (v, m,) can be joined by two
distinct arcs (or possibly by one arc) but the time to traverse
this trajectory will generally not be equal to the specified L.
Specifically, as seen in the Appendix, the trajectory in each
stage is governed by two algebraic equations, for v and for m.
For an assumed two-arc trajectory, with both end points (v,,
my, t,,) and (v, my, t;) prescribed, we get four algebraic
equations with only three unknowns—namely, the coor-
dinates of the junction point (v;, m;, ¢;). Except for special
end conditions, those equations will not be simultaneously
satisfied.

We come to the major conclusion that

Sy The optimal trajectory is (except for special end con-
ditions) a sequence of exactly three arcs of the type C, B, and
S, with the singular arc S in the middle. The possible three-arc
trajectories are shown in Fig. 4.

The dependence of a particular sequence on the specified
end points is discussed in the next section.

VI. The Optimal Sequence

We now show that the specified end conditions (v,, m,),
(v, my), and ¢, uniquely determine the right sequence out of
the possible ones shown in Fig. 4. Together with the existence
shown in Sec. I1I, the uniqueness proves the optimality of the
solution derived from necessary conditions.

The (v, m) plane is covered by a one-parameter family of
singular curves given by Eq. (33). Let

K, N.= K.
mg(1/c+2 cosa/v,) T my(1/¢+2 cosa/v;)
49

The dependence of the optlmal sequence on N, N, and ¢, is
summarized in Fig. 5, and is proven below. Explicit ex-
pressions for g, tcp, fscs fcs, and fg are given in the Ap-

v >V

Fig. 4 Al possible optimal three-arc trajectories.
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BSC cSC_ . csB m :
Ne <N, tac tse tes tce t o No
Ny > N o BSC ., BSB . CsSB 1 Ny >N,
° e tas tsm tce 2 |
NN, - BSC , cs8 ey,
tac ts tce 7
Fig.5 Dependence of optimal sequence on N, Ny, and t

>V
Fig. 6 Proof of proposition no. 7: the case N/<N0.

pendix. It is not possible to obtain such formulas for #55 and
tsg (because one cannot analytically eliminate the in-
termediate value of m), but these times can be readily
computed in a numerical example.

We note again, from Eq. (33), that N decreases along a
coast arc and increases along a boost arc. Thus, to continue
the propositions of the previous section,

6) If N; <N, there cannot be a BSB (rajectory; if Ny >N,
there cannot be a CSC trajectory; and if Ny =N, there can be
neither a BSB nor a CSC trajectory. To proceed, one must
consider #,. The result is depicted in Fig. 5 and stated as
follows:

7) As the trajectory joining (vq, mg) with (v, my) is
continugusly varied from a CB trajectory to a BC trajectory,
using C, B, and S arcs, the sequences are those shown in Fig. 5
and t; decreases monotonically from the maximal time t g to
the minimal time tgc. Thus, for given end conditions (vy, my),
(v¢, my), , andt; the optimal sequence is unique.

This result is intuitively convincing when one graphically
varies the trajectory on a (v, m)-plane covered with singular
curves; it can bereadily proved using the following four facts.

1) Between any two points on the (v, m)-plane, a CB
trajectory is time-maximal.

2) On the other hand, a BC trajectory is time-minimal.

3) The time fc along a coast arc between two singular
curves is independent of m, i.e., ¢ is equal for any such coast
arcs.

4) The time fs along a singular arc, for given m,; and
m,<m,, varies inversely with N. Thus, for two singular arcs
between the same 71; and m,, the time fg for the one on the
left (with a lower N) is larger.

Facts 1 and 2 are proven in Sec. III. Fact 3 follows from the

formula

K, (1 1)
tC_ZK,cosa N, N,

(N;>N3) (50)

obtained by using Egs. (A3) and (33). Fact 4 follows from

(m;>m,) ¢n

—-m ZKZ
ts m; 2 (1 ¢ a )

= 4cK cosa N2m;m,
obtained by using Eq. (A13).
Proof of Proposition 7: Consider the case N, <N, shown

in Fig. 6. By fact 4, ¢(1,3)>1(2,4), and by fact 1,
t(4,3)+1(3,N>t(4./). Adding these inequalities gives

{We are indebted to the anonymous reviewer for this observation.

v

Fig. 7 Proof of proposition no. 7: the case Np>Ngymy<my.

v
Fig. 8 Proof of proposition no. 7: the case Ny > Ny, m, >m,.

t(1,3,f) +1(4,3) >¢t(2,f). But by fact 3, #(4,3)=1(2,1) so
that 71(2,1,3,/) >t(2,f) . Adding 7(0,2), we have

fesp > Ies (52)
Using facts 3 and 4, we have at once
Ies > lesc > Isc (53)
The remainder of the case Ny >N/,
tsc > Ipsc (54)
is proved similarly to Eq. (52).

The case N, =N, is quite similar to the above, and so is the
proof of i

fesg > fsp (55)
and of
Ips > Ipsc (56)

for the case N, > N,, shown in Fig. 7.
For the case N> NV, it remains to show that

fsp > s > Ins (57
Consider Fig. 7. By fact 2, 1(0,2) >¢(0,1) +¢(1,2). By fact 7,
t(3,4) +t(4,f) >t(3.f). By fact 4, 1(2,4) >t(1,3). Adding
these inequalities and using, by fact 3, £(1,2) =¢(3,4), yields
Isp >1Igg : (58)
The central part of Eq. (57) follows at once from Eq. (58).
The case in Fig. 7 when m,>m, is a special case. For the case
m,>m,, shown in Fig. 8, Eq. (58) is proven by drawing the
intermediate singular curve through point 3. Then,
1(0,4) +¢(4,3) >t(0,1) +1(1,3)
t(1,3) +t(3.N>t(1,2) +1(2,)
Addition gives

1(0.4) +1(4,H) >1(0,2) +t(2,/)
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which shows that Eq. (58) holds for this case. In Fig. 8, ‘

my,<m,. For the case m,>m,, one must draw one (or more)
additional intermediate singular curve (curves).

Since for each of the sequences in Fig. 5 the final time t
was shown to be different, the optimal sequence for given end
conditions is unique. This completes the proof of proposition
7.

VII. Conclusions

A complete solution of the maximization of a rocket’s turn
angle in a plane, using bounded thrust magnitude as the
control variable, is presented here. We assume a constant
angle of attack, aerodynamic forces proportional to the
square of velocity, and we neglect gravity. Although only
necessary conditions are invoked, optimality is proved by the
existence and uniqueness of the solution.

While no new theory is developed, it is of interest that a
rather complete analytical solution was possible. Given the
end conditions (v,, m,) and (vy, my), one can proceed as
follows:

1) Compute 7., =tz by Eq. (Al8). If the final time
L, =1, is acceptable, then the optimal sequence is CB and
one needs only the switch time ¢, from coast to boost;
compute v (¢, ) by Eq. (A7) and then 7, by Eq. (AS).

2) If t,=t,,, istoo large, select #,> ¢, , where f,;;, =1ty
is given by Eq. (A19)

3) Use Eq. (49) to compute N, and N/, to see which of the
cases of Fig. §is applicable.

4) Let’s say N,<N,. Then, compute -5 and f5c by Eqgs.
(A20) and (A21), respectively, to see which of the sequences,
BSC, CSC, or CSB, is applicable.

5) Let’s say tsc <t;<!cs. Thus, the optimal sequence is
CSC. '

6) The optimal trajectory CSC can be determined as
follows. The velocity v, at the beginning of the singular arc
can be determined from £, +f5+tc, =1, where v, appears
as the only unknown and where thé initial and final coast
times te, and /. are given by Eq. (A5), and ¢4 by Eq. (A17).
The time ¢ can now be determined by Eq. (AS5), g by Eq.
(Al17), and tohe velocity v, at the beginning of the final coast
arc by Eq. (A3). The singular thrust is given by Eq. (38) with
v(?) by Eq. (A15).

7) Other possible sequences, depending on f,, are com-
puted similarly. If N,>N,, the times gz and fpg must be
computed (if required) numerically, as indicated at the end of
the Appendix.

8) The total maximal angle of turn v* (#,) can be computed
by Egs. (A4, A8, and A16).

Appendix: Expressions for Coast, Boost and
Singular Arcs, and Final Times

The system equations for # [(Eq. (8)] and for 1 [(Eq. (9)]
can be readily integrated. The solution for v (¢) is obtained by
integrating

dy  K,v?+Tsina
dv — v(T cosa—K,v?)

(A1)

~ Coast
Starting at f¢=f, with v(¢,)=v., m(t,)=m, and
v(t.) =v., wehave

m(t)y=m, (A2)

v(t) = Ye (A3)
1+ (v K /m,) (t—t.)

_, K, v ‘

() —vc+K1 &tv(t) (A4)
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and the time £ to a final velocity v, is’

z—m“<1——1— (AS
€K, vy v, )

Boost
Starting at ¢=t¢, with v(¢,)=v,, m(t,)=m,, and
¥(t,) =7, wehave

m(t)y=m,—(T,/c) (t—1,) (A6)
U, + 0, (__n_t,,_)a_l
U, =V, m(t)

v(t)=v, (A7)

v,+v m a
—2_ b (—” ) +1
v, =0, m(t)

t 1 K
v(t) =7, +tana envlfb) +5 (tana+K-—j>Kn

2 __p2
Uy Uy

v —vi(t)

(A8)

Here, v, is the cruise velocity given by Eq. (39) and

2K, v,¢ K, cosa
= =2 A9
a=—r ey T (A9)

m m

The time ¢ to m=m, is
ty=(c/T,) (m,—m;) (A10)

It is useful to have the initial velocity given the end point of
the boost arc; solving v, from Eq. (A7) gives

v2+v[ ( my )a_I

v, v m

v, =v, —2—1 b (Al1)
_‘_’ﬁ_”f(_mz_)”ﬂ
v, =V, Ny :

Singular Are

Singular arc starts at =1, with v(¢,) =v,, m(¢;) =m,, and
v(¢t,) =v,. In Eq. (9) for i we substitute Eq. (38) for T and
eliminate v using Eq. (33). This gives .

. 4cK cosa
S o L B A12
=TT Y (K, c/mN) (A1)
whence
K,cNeg 1l 1
(ms—m)+< NC) (;—;1—)=(t—ts)4cK,cosa (A13)

s

and using Eq. (33) gives an equation for m (¢)

[mx—m(t)]+(_1_ - i)mfcz(i +2C05a>2

m(ty m c v

= (f—t;)4cK cosa (Al4)

Along a singular arc, from Eq. (33)

< 1 2 cosa) ( 1 2 cosa)
m(— +——)=m,(— +———
c v c v

5

whence

v(t)= (A15)
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Substituting Eq. (38) for T'in Eq. (Al) gives

dy 1<t Kz)i K,c K,

ana— —* - -
o K,/ v K, v? 2K,cosa(v+2c cosa)

whence by integration

1 K,\ v(t) Kyoe/ 1 1
t) = +—(t '——)en— £ (——-—
v =7, e ) Tk \vy T

2 1 s
K, v(t) +2c¢ cosx
- Al6
2K, cose v, +2c cosa (A16)
From Eq. (A14), the time ¢ to m =mis
m,—m m c 2 \
tg= ——L [1+ — (1+2—cosa> ] (A17)
4cK cosa my v,
Two-Arc Trajectories
Final times for two-arc trajectories are as follows:
Loter (e
c{myg—my) my V,—U, \my, m,
fep= + -
Tm Klvp UP+UC ( mC >a—. Kll}o
v, =y, m, (A18)
v, + 0 (_"10. a+1
c(my—my) m m U, —Vy \my
tBC: OT g Klf) —Kli Up+v m a (Alg)
m 19 1Yy v, +u, (__o iy
U,— Uy \my

fes = K ['L _ L + T Ty (1+ c’Ke )] (A20)
2K, cosa LN; N, 2cK, Neymgm,
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fo= —Te [i ! +m"_mf(1+ c’Ki )] A2l
€7 2K, cosa N, N, 2cK, Nomgom, (A21)

where N, and N, are given by Eq. (49).

One cannot obtain /g and 4 in closed form. Consider ¢4,
and let v, and m; be the end point of the singular arc. Then,
lgg =1!s+1ty Where tg and f; are given by Egs. (Al7) and
(A10), respectively, with m - replaced by m;. An equation for
m is obtained by equating v,, given by Eq. (A1S5) at the end
of the singular arc, with v, given by Eq. (All) at the begin-
ning of the boost arc,

v2+vf (@)“_I

2 cosa v,—v, \m,
v, = =v
m, (1+2cosa) 1 pvp+vf (mf)a+1
m; \c vy c v, ~ U \m,

(A22)

This equation for m2, can only be solved numerically.
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submission of nominations is November 1.

i

Make Nominations for an AIAA Award

HE following awards will be presented during the AIAA/SAE/ASME 16th Joint Propulsion Conference, June 30-
July 2, 1980, in Hartford, Conn. If you wish to submit a nomination, please contact Roberta Shapiro, Director,
Honors and Awards, AIAA, 1290 Avenue of the Americas, N.Y., N.Y. 10019 (212) 581-4300. The deadline date for

Air Breathing Propulsion Award

“‘For meritorious accomplishments in the science or art of air breathing propulsion, including turbo-machinery or
any other technical approach dependent upon atmospheric air to develop thrust or other aerodynamic forces for
propulsion or other purposes for aircraft or other vehicles in the atmosphere or on land or sea.””

Wyld Propulsion Award

‘‘For outstanding achievement in the development or application of rocket propulsion systems.”’




